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Noncommutativity and unitarity violation in gauge boson scattering
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We examine the unitarity properties of spontaneously broken noncommutative gauge theories. We find that
the symmetry breaking mechanism in the noncommutative standard model of Chaitlakheads to an
unavoidable violation of tree-level unitarity in gauge boson scattering at high energies. We then study a variety
of simplified spontaneously broken noncommutative theories and isolate the source of this unitarity violation.
Given the group theoretic restrictions endemic to noncommutative model building, we conclude that it is
difficult to build a noncommutative standard model under the Weyl-Moyal approach that preserves unitarity.
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[. INTRODUCTION the usualR* spaces via the Weyl-Moyal correspondence. In
this case, ordinary fields are replaced by their NC counter-
The possibility of noncommuting space-time coordinatesparts and the ordering of fields in the NC space is given by
is an intriguing one which arises naturally in string theorythe Moyal star product, defined by
and gives rise to a rich phenomenolddy?2]. As such, non-

commutative quantum field theofNCQFT) has the poten- A(X)B(x) =A(x)*B(X)

tial to provide an attractive and motivated theory of physics .

beyond the standard modeM). However, while a consis- :A(X)exp{l_guvé 5 ]B(x) )
tent noncommutativéNC) version of QED has been devel- 20 ’

oped, a NC analog of the full SM has proven to be prOblem'vvhere the hatted quantities correspond to those in the NC

atic for reasons detailed below. Possible NC gauge groupg - o NCQET is formulated as that of ordinary QFT with
and matter representations are theoretically restricted, and %E '

. NI o . ' ar products substituting for products and commutators re-
we will show, the basic difficulty lies in constructing a viable laced by Moval brackets
symmetry breaking mechanism which reduces the NC gaug% y Moy '
group to that of the SM. We investigate a variety of models [A,B]ug=A*B—B*A, 3)
and demonstrate that the NC symmetry breaking mechanism
in a leading candidate for a NCSM] leads to an unavoid- with [d*x[A(x),B(x)]ug=0. Only U(n) Lie algebras are
able violation of tree-level unitarity in gauge boson scatterclosed under Moyal brackefZ] and hence NC model build-
ing. ing is restricted in this case. The simplest version of a NCSM
NCQFT can be realizef4] in the string theoretic limit thus requires a gauge group at least as large as
where string end points propagate in the presence of backs(3)xU(2)xU(1).
ground fields. In this case, the endpoints of strings no longer The second approach relies on the Seiberg-Witten map
commute and their coordinate operators obey the relation which represents the NC fields in terms of the corresponding
fields in ordinaryR* as a power series expansion iy, .
~ - _ i While this procedure allows for generalizations of the star
’”:AZ wyo 1) product to be constructed for a broader set of gauge theories
NC [8], it generates an infinite set of higher dimensional opera-
tors. It is hence difficult to employ and is not necessarily

where 0,,,(c,,) is a constant, real, anti-symmetric matrix ; o ; ; 4
ttractive as a model building option. We neglect this possi-

and A ¢ represents the scale where NC effects set in. Th ity h
most likely value for the NC scale is that of the string or Pty here. have b A i
fundamental Planck scale which, in principle, can be of order NC extensions have been shown to preserve renormaliz-

a TeV. Space-space noncommutativity occurs in the presenfé)i”t{( at the one- tf) two-loc_)p level in the cases of unbroken
of background magnetic fields Witm-:(&B)-- /Aé#O 9] ¢* and Yang-Mills theories, as well as for spontaneously
ij— i ’

. ! broken[10] U(1) andU(2) at one loop.
whereas space-time NC theories are related to backgrounJ Ordinary gauge transformations fak(n) gauge theories

electric fields with 66i=(Ce)o; /AZ#0. Note that the unit myst be modified11] to include NC generalizations. Gauge
vectorscg ¢ are frame independent and hence Lorentz invariinvariance requires non-Abelian-like gauge couplings, even
ance will be violated at thé g ¢ NC scaled5]. These theo- for U(1) theories, and dictates that matter only be placed in
ries conserveCPT and have been claimed to be unitary if the singlet,(anti-)fundamental, or adjoint representations. In
the conditiond,,,6*"=0 is satisfied6]. While this condition  addition, some interaction vertices pick up momentum de-
might hold for unbroken NC theories, we will show below pendent phase factors. In the NC version of QED, this in-
that it is not sufficient to guarantee unitarity for all choices ofduces 3- and 4-point self-couplings for photons and restricts
Higgs representations in the spontaneously broken case. QED interactions to particles of chargp=0,=e. Despite
There are two approaches for constructing quantum fieldhese limitations, 2>2 scattering processes at high energies
theories on NC spaces. The first relates fields in the NC anih QED provide clean observablgs2] for NCQED effects.
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In addition, several low-energy QED proces$é8], e.g., TABLE I. Quantum number assignments for the SM fermion
Lamb shift,g—2, can probe NC interactions. A disparate setand Higgs fields in the NCSM using the notation discussed in the
of bounds on the scale of non-commutativity exists in thetext.

literature; the results obtained in RE5] from considerations :
of low-energy tests of Lorentz invariance range from 10 to  Field u(@3) u(2) U(1)
10" TeV. The authors of these papers did not use a full

NCSM in deriving their results and many of the operators : '; |':: i
considered in these papers do not appear whenUtfd) L F
groups used by Chaichiaat al. are employed. Here we €r S S F
adopt the conservative view advocated by us in our earlier Ur F S F
work and subsequently followed by the authors in R&2: dg E S S
TeV-scale NC effects could appear in theories with weak- h S = S

scale quantum gravity, and that until an analysis of low en-
ergy Lorentz violation within a consistent NCSM is per-
formed, the conservative-10 TeV limit is an appropriate

gauge of the bounds obtainable from low energy experis .tion of NC models following the conventional Moyal ap-
ments. proach. In addition to the requirement that theories be built

There are clear difficulties in formulating a NCSM based©Ut 0f products ofJ(n) factors and that only the single,
on the Weyl-Moyal approach due to the restrictions imposedundamental F), anti-fundamental) or adjoint(A) repre-
from group theory and gauge invarian¢a) charge quanti- Sentations are allowed for matter fielfiise., Q=0,+1 for
zation, e.g., NCQED cannot contain fractionally charged parthe case olU(1)], Chaichianet al. have showr{14] that a
ticles, and(b) performing the NCU(n) symmetry breaking “no go” theorem is operative. This theorem states that for
without generating a mass for the gauge fields ofSt#n)  any gauge group consisting of a product of simple group
component of thé&J (n). A first attempt to build a NCSM by factors, matter fields can only transform nontrivially under at
Chaichian etal. [3] is based on the gauge group mosttwo of the simple groups. In particular, if a field trans-
U(3):xU(2).xU(1). The phenomenology of such NC forms under one factor asfathen it must transform under
theories is important to study for a number of reasénghe  the second as aR. Note that while SM matter fields are
NCSM of Chaichiaret al. explains both the matter content already in fundamental representations, the left-handed quark
and quantum number assignments of the SM; no other padoublet Q_) transforms nontrivially under althree SM
ticles charged under the gauge groups are permitted, and tiggoup factors. This clearly complicates the construction of
hypercharge assignments of the SM fields are fixed by thehe NCSM.
Higgsac breaking patterifii) The inherentCP violation in- The minimal group structure for the NCSM which can
duced by the star product presents the possibility of explaineontainSU(3).x SU(2), X U(1)y in the commutative limit
ing CP violation via non-commutative geometry, a view- is U(3),X U(2), X U(1);this has both positive and negative
point advocated by Hinchliffe and Kerstifig3]. The explicit  features for NCSM construction. On the positive side, the
model constructed by Chaichiaat al. allows this intriguing  SM fractional hypercharges may receive contributions aris-
idea to be studied quantitativeliii) The general subject of ing from the U(1) factor as well as from the twéJ(1)
NC field theories has received an extraordinary amount ofubgroupslJ(1)., contained inU(3), andU(2), so that
attention from the theoretical community in the past fewthe constraint ofJ (1) chargeQ=0,+1 assignments can be
years, making a testable NC version of the SM desirable. Theatisfied. However, the increase in group rank by two implies
model of Chaichiaret al. also at first appears to resolve the that there are now two new additional neutral weak bosons in
issues(a) and (b) above. However, we find that the model the theory that will have couplings to SM matter fields.
proposed by these authors leads to unitarity violation at higiThese two new states must be made sufficiently massive as
energies in 2-2 gauge boson scattering. By studying simi-to avoid present Tevatron direct search constraine as
lar scattering processes in more simplified NC gauge theowell as those arising from precision electroweak ddial;
ries, we have isolated the cause of the unitarity breakdown igve thus expect their masses to be greater than a TeV or so. In
this model to be the choice of NC symmetry breakingaddition, spontaneous symmetry breaking must take place in
mechanism. at least two steps to recover the correct phenomenological

A review of the Chaichiaret al. model and our calcula- structure and have the correct SM commutative limit. Effec-
tions of gauge boson scattering within it is given in the nexttively, this means that th&J(1)XU(1).x U (1), symmetry
section. Our study of potential unitarity violation in-22  must first break tdJ(1)y without breaking theSU(3), or
gauge scattering in a variety of simpler NC models is pre-SyU(2), groups themselves.
sented in Sec. lll, and a discussion of our results is given in In a recent paper, Chaichidi3] have apparently either
Sec. IV. overcome or satisfied all of the above obstacles and con-
structed a NC version of the SM. The SM matter content of
this proposed construction is given in Table I. As can be seen
the representation content explicitly satisfies the no-go

As was discussed in the Introduction, group theory andheorem. Next, the authors perform the breaking of
gauge invariance enforce strict constraints on the constru¢he U(3).xXU(2)_ XU(1) symmetry in several steps:

IIl. THE NONCOMMUTATIVE STANDARD MODEL
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first, two linear combinations of theU(1)’s within course the scaledg g associated with the NC physics, as
U(1).XU(1).XU(1) must be broken. As this is a product defined in the introduction, still remain arbitrary.

of three group factors the no-go theorem requires that two Before examining the phenomenology of this model, we
Higgs fields are necessary to break this symmetry down tenay first want to check whether or not the theory is unitary
U(1)y. Itis clear that these Higgs fields cannot correspondat the tree level. The classic test for this in the SM is the
to any of the usuaBU(n) representations since then their scattering of pairs of longitudinalw®, i.e., W W,

VEV's would not only break theJ(1) subgroups of the —_\\\w- This process provides a particularly useful test in

U(n)’s but the SU(n) factors as well. To get around this, o NcSM case as it is independent of how the fermions are

Chaichianet al. [3] have considered Higgs fields in a new - .
) . . ) embedded into the theory. In the SM at amplitude level, the
representation, which they call Higgsakl) fields. They leading terms from a typical diagram behave agmcv);

transform only under th&J(1) subgroup ofu(n), so that L
when they acquire a VEV th8U(n) subgroup remains un- such terms cancel among the contnbuﬂon; from ¢hand
broken. Essentially, a Higgsac breaki{1).xU(1), to t—channe_ly andZ exchanges and the 4-point graph_due to
U(1)’ and a second Higgsac then produces the breaking@U9e invariance and the natural relationshipy
U(1)'XU(1) to U(1)y. Given the two distinct Higgsac = MzCOSAy. The sub-leading/m, contributions also cancel
VEV’s, the masses of the two heavy gauge bosonsuare whens- andt-channel Higgs boson exchanges are included
correlatedand arbitrary. To be more specific, denoting theyielding a result which does not grow withand is unitary.
original weak eigenstatd (1)< U(1), X U(1) gauge fields In the NCSM, as we will see below, the leading terms still
by G®' \W°" andB, respectively, the weak and the unprimed cancel beca_luse of the gauge symmetry, b_ut the subleading
mass eigenstate fields are related b@° =c,G° terms remain so that unitarity is not sat|_sf|ed. Let us now
5y C WO+ 51,) WO' = — 5,,G0+ GG WO+ 51,Y) discuss these ca}n_cellatlons in some detail. . .
andZ3B=ll—s W%}Jr oy HereVVOZéO areztshellnew mlallssi’ve To be as explicit and straightforward as possible, we will
1 e ; separately calculate both the leading and next-to-leading

gauge bosons whil¥ is the massless boson coupling to hy- M2t ¢ h of th tributing di 0 d
percharge and;;(s;;) = cosd;(sin ), with &; being appro- s/my, terms for each of the contributing diagrams to demon-

priate mixing angles. As mentioned above we anticipate thaf'ate how the required cancellations fail to occur in the
these new gauge bosons are more massive than abdifESM. For simplicity, these calculations will be performed
~1 TeV. Given the gauge couplings , 5 for the appropri- N the limit that the weak scale mixing induced between the
s . e 0
ate U(n) groups, the mixing angles can be expressed ag and the heavy state&/’ and G° can be neglected. The
tan 8,5=29,/3g5 and X,and;;=g;/g,. In addition, con- additional terms that are generated by such mixing are sub-
sistency with the fermion couplings of the SM in the com-leading to the ones included below by factors of order
mutative limit implies thags=gs, the usual QCD coupling, mMz/mg ,y and will have no influence upon our results. Using
g,=0g, the usual weak coupling,; =2g’/c,;, with g’ being  the couplings derived if9] for NC U(n) gauge theories, we
the usual hypercharge coupling of the SM, and also the relesan now generate all of the Feynman rules for this model.
tion s;1Coz=tanby. The relevant ones fonv, W —W, W are presented in Fig.
The last step of the symmetry breaking is accomplished.. Here, we have introduced the wedge product which is
through the VEV of the isodoublet fieldlisted in the table.  defined ag;/\p;= %p{‘pj”ew, and the direction of the mo-
It generates the ordinary fermion masses in the usual mannefenta are as labeled. The kinematic phases at each vertex,
as well as the convention®/* andZ masses with the iden- which arise from the Fourier transformation of the interac-
tification e=gsinéy. There is however one additional ef- tion term into momentum space, mentioned above are explic-
fect: mixing is induced between the SEffield and the more itly apparent. To be specific, we will perform our calculation
massiveG°, WP states which is of orderm%/méw; for TeV  inthe center-of-mass frame. This is sufficiently general as all
or heavier states we expect this mixing to be quite smalll.orentz violation is isolated in the wedge products which we
=<0.01, and can be safely neglected on most occasionsiever need to explicitly evaluate. We now turn to the indi-
Given the values of the couplings, all of the mixing anglesvidual contributions.
are fixed so that the only free parameters in the gauge sector The  four-point  graph  gives the  following
of the model are the masses of t8& and WP states. Of ~ (O(s?/m{,,s/m3,) contributions to the amplitude:

e as
ML T g2 16mi (1o eos(pr/\pa=py/\pa) +0spr/\Pa =/ \p)]
w- w-  —(1=cpcos(p1/\p2—p3/\ps) —4cos(p1/\p3—p2/\pa)}
+(ig*s/2my){(1=cg)cos(p1/\p3=p2/\p4)

—2cgco8(p1/\p2—p3/\pa)}.
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W |
p1 \ / Pr = igz { [COS (pl A p2+p3 A P4) =+ cos (pl Aps+ D2 A p3)] GuvGpa
p3 /. N\ P2 :
—cCo8 Apg+p2Ap3
W,j' Wp_ (pl P4 T P2/AP3) GupGve
—cos (p1 A p2 + P3 A P4) GuoJup }
w-
Wy V g :
L= —g €23C11 811 (pl A Pz) [(pl - pZ)pg;u/ + (Pz - p3)#gup + (p3 - pl)ugpp]
— p3 \4 D2
W
Wy

< Pl = gso3sin (p1 A p2) [(P1 — P2)pguw + (P2 = P3)ugvp + (P3 — P1)vGup)
P D2

Wy

Wa

< L= —g {icw cos (p1 A p2) — cozs115w sin (p1 A p2)} [(Pl ~ P2)pGuv
D2
P

w+ +(p2 - p3)ugup + (Ps - pl)ugup
v

Wa

< Pv = _g {isw cos(p1 A p2) + ca3si1cw sin (p1 A p2)} [(Pl — P2)pGuv
P2
p

W+ +(p2 — P3)ugvp + (P3 — P1)vGup
14

Wi

/1 :Z'gmwewll\mguy

N\, D2
w-

v

o,

FIG. 1. NCSM Feynman rules relevant fo; W —W W .

where we have introduced the abbreviation éps€,, with 6 being the scattering angle between e and p; three-
momenta.
The amplitude for thes-channel exchange for a generic gauge bogas given by

w w+
1%
LN /" 3 = (is?/Amiy) AR A co + (ism? Jamiy,) AB A ey
P2/ N\, P4

W~ w-
where the quantitieAU are obtained from the coefficients of the gauge 3-point couplings in Fig. 1, wittj ttienoting the
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momentum ordering in the wedge product. For exampl@élozgszﬁin(pz/\pl) and Ailz —igsycosp,/\py)
—0Cy3811Cwsin(P,/\py). For the full amplitude we must sum over all possible intermediate stateg,Z,G° and WP,

The t-channel exchange of a generic gauge bogamelds the following expression:
wt
=—(is}/16my)AY AV (1—cp)(B+cy)

+(is/8mp) A AT = 16¢ o+ (mi/m3) (3+ )},

where theA‘\} are as defined above. Again, to obtain the full amplitude we must sum\bwver, Z, G° and WP,
The s-channel SM Higgs exchange yields

w+ w+

P\ Y

P2/ NP T T (igzs/4m%V)exp(ipl/\p2—ip3/\p4),
w- w-

Similarly thet-channel Higgs exchange gives the corresponding result

W+

=(ig?s/8mp) (1 —cplexp(—ip1/\p3+ip,/\ps).

Note that there are no Higgsac contributions as they do not couple to the SM gauge fields.
Summing these expressions, using the relations

P1/\P3— P2/\Pa=P1/\P2— P3/\Pa, (4

which follows from momentum conservation and the antisymmetry of the wedge produciang-tané,,=ty,, and setting
m3,=mzc3,, we find that the®(s?/my,) do indeed cancel as expected. The remairtiffg/ma,) contributions only partially
cancel, however, and the remainder can be combined to yield

L2
. 1g® s . .
IMZ?m—Z{6CO?{pl/\pg—pz/\p4)—3eXF(—Ipl/\pg-i-Ipz/\p4)—3[COS(D1/\p3)COS{p2/\p4)
W
2 2
4 . . .2 . mGO 2 mWO 2 2 . .
+ twSIn(p1/\P3)Sin(p2/\pa) +itysin(p1/\ps—p2/\ps)]—3 m_2523+ m_2023011 sin(p1/\p3)sin(p2/\py)
W W

+Cy| 4 cOEP1/\Po— P3/\Pg) — X —ip1/\P2+ips/\pg) — (COL P1/\P3)COL P2/ \Py) +2 cOEP1/\Py)

X cog P3/\Pg) + tyy SIN(P1/\P3)SIN(P2/\pa) + 2t4sin(p1/AP2) SN pa/\py) — itGsin(ps/Aps— p2/\pa))

2 2
mGO 2 I"nWO 2 2 . . . .
iy st+m—2023611 {sin(p;/\p3)sin(p2/\pg) +2 sin(p1/\p,)sin(ps/\pa)} | | - (5)
‘W W
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One can trivially check that in the commutative SM limit this of test models we hope to cleanly isolate the basic causes of
expression indeed vanishes. Remember that in the SM, the unitarity failure in the NCSM and probe the issue in a
mass relationship between tilé~ andZ fields as well as the more general way. We hope to answer the question of just
Higgs exchanges ensures the cancellations. Although thehen are spontaneously broken NC gauge theories non-
above expression is rather complicated, it is clear that it candnitary.
not be made to vanish in the general NC case. This is most
easily seen by the presence of the large and most dangerous
terms proportional taméo and m\ZNO; recall that these masses

are arbitrary functions of the two Higgsac VEVs. Here there In this section we examine gauge boson scattering in a
are no corresponding relationships between the new gaugeriety of test cases of spontaneously broken NC theories.
boson masses themselves or with those oMReandZ and  We start with the simplest possibility, that of spontaneously
there are no Higgsac contributions with couplings propor-broken NCU (1), andthen work our way towards more re-
tional tomgo and/ormye to help the cancellations. As we see alistic models adding one layer of complications at a time. In
from the above calculation, thméo and m\zNo terms arise this manner, we hope to isolate the source of unitarity viola-
from thes- andt-channel vector boson exchanges when theion discovered above and determine its consequences for
propagators are expanded to |eading- and next-to-|eading of'UtUl'e NC model bUIIdlng Since the unitarity failure encoun-

der ins. This means that such terms are unavoidable in thiéered above occurred in the pure gauge or Higgs sector, we
scenario and unitarity must fail. need not worry about the fermion content of any of the test

It is instructive to ask at what scale tree-level unitarity isMmodels that we examine below and thus need only consider
violated in this model. The theory is only unitary for all the process of gauge boson scattering.
values of\/s when A yc— o; therefore, for all finite choices
of Anc, the theory violates unitarity for some value @$. A. Spontaneously broken NCU(1)
This leads to a lower bound ofiyc as a function ofys, We first ine the simplest le of ¢ |
which we derive by demanding that the theory be unitary forbrokeen 'ﬁ Ce;(haenglrneth:t Sg?ﬁgj(f)x%vr?ﬁcﬁ (i)s a;)rsopkoennat;]ec;us y
Js<Apc. Unitarity is not restored at high energies; instead, Y, : y

L o complex scalar field transforming as a fundamental under the

the unitarity violating effects become stronger s is in-

2 . , gauge group. A one-loop analysis of this model was first
creased above this limit. Let us examine WEW, scatter- . performed in[10], to which the reader is referred for a more

ing process in the center-of-mass frame and assume for Siiajjed discussion. The physical spectrum after symmetry

plicity that the non-commutativity is of the space-space typebreaking consists of a massive real scalar Higgs fieddd a

It is clear as noted above that the most dangerous terms afg ssive vector fiel@. This theory was shown by explicit

proportional to the squares of the new gauge boson masses,|cjation to be one loop renormalizabid], and we there-

Keeping only these leading terms we find the constraint  ore expect it to be unitary at the tree level unlike the NCSM
whose one-loop properties are unknown. To test whether or

Ag>0.8 (1/s)%sirfy(mjo+0.19m%0) 1*4, (6)  not tree-level unitarity is satisfied we calculate the high en-

ergy limit of the scattering proce&s Z, —Z,Z, . As in the

where all quantities are in TeV. Hergis the angle between NCSM case above, we need to check if the potential unitarity

the momentunp; and the unit vectocg . These bounds can violating term_s OfO(SZ/mQ’S/m%) vanish after summing

be quite severe; taking sjir 1 andmy o= mgo, one finds that over all the diagrams. . . .

Ag>0.86(9.6,27.3)mgo TeV for ys=1(5,10) TeV. As The Feynman rules relevant to this calculation are given
B . .0, . G - ] .

mentioned above the Tevatron direct searches and eled] Fig. 2, a!"d t_he dlagrams_contnbutmgZ@ZL.—>ZLZL are
\Bresented in Fig. 3. Summing these seven diagrams follow-

ing the same procedure as in the case of the NCSM and
keeping only theO(s?/m3,s/m2) terms, yields the ampli-

Ill. TEST MODELS

gauge bosons;, andW,, to be greater than approximately
1 TeV, a detailed analysis of the electroweak data strengthe
this lower limit to 2—3 TeV. Thus we find rather strong con- u
straints for new gauge boson masses in the few TeV mass

P2
. . . _ i ig- s

range. Turning Al‘hIS around, if we chooseg =myy, |M:7_2{C05(p1/\p3_p2/\p4)

=2 TeV, and \/;=1—5 TeV to estimate the energies z

available at future colliders, we finllyc>2-10 TeV at the +cogP1/\ps— P2/\P3) — 2C(12C(34)

CERN Large Hadron collidefLHC). These limits are com-

parable to the 10 TeV constraints discussed above, and have +colcogpr/\pst po/\p3) — coL 1/ \Ps+ P2/ \Pa)
the advantage of being obtained within the framework of a 1 N _ 7

full NCSM. Similar strong bounds are to be expected in the O(S(12)S(3a)+ S(14)5(29)~ S13Se2a) 1} @)
cases of space-time or mixed non-commutativity.

In order to elucidate the origin of the apparent problemswherec, is defined as in the previous section. We have in-
that we have just encountered, it would be beneficial to extroduced the shorthand notation gif{p;)=s;;), cos@i/\p;)
amine a parallel set of processes in somewhat more simpli=c;,; it is important that these should not be confused with
fied NC gauge theories that are more tractable. By using a s¢fie abbreviations used for the mixing angles in the NCSM.
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Zy, Zy
PLN /" P3 = _4i92 {Sin(pl A p2)sin(p3 A ps) (g;wgup - gupgua)ﬂ‘
p2 N\, P4

sin(p3 A pl) sin(p2 A p4) (gupgua - g;wgpa) +
A Z,
sin(py A pa) sin(p2 A p3) (9uv9pe — Guogup) }

Zy
Zu /" p2
— D \ D3

;= —2gsin(py A p2) [(P1 — P2)pgur + (P2 — P3)ugvp + (P3 = P1)vgup)
p
Zy

h /' m
N\, P2

Zy

FIG. 2. NCU(1) Feynman rules relevant f&, 2, —7,Z, .

= 2igmzcos(p1 A P2)guw

We see that thé)(s?/m2) terms cancel trivially as expected then leads to a cancellation of tkis/m3) terms. Unitarity

and as in the NCSM case above. Use of the relations is thus preserved at high energies as expected for this sce-
nario. For the sake of completeness, we also examined the
processhZ, —hz, , and found that the Ieadin\(j)(s/m%)
terms similarly cancel.

This calculation demonstrates that it is possible to con-

struct a spontaneously broken NC theory that preserves tree-

®) level unitarity in processes involving the scattering of longi-
tudinal gauge bosons.

P1/\P2— P3/\Pa=P1/\P3— P2/ \P4
P1/\P2+ P3/\Pa=P1/\Ps— P2/ \P3

P1/\Ps+ P2/ \ps=—pP1/\ps— P2/ \P3,

which follow directly from momentum conservation and the

antisymmetry of the wedge product, and the consequent B. U(1)XU(1)

identity
PerhapdJ(1) is too simple of an example to reveal the
S(12)S(34)= S(13)S(24) ™ S(14)S(23) » 9 potential unitarity failure of spontaneously broken NC theo-
Z Z3 VA Z3 Z Z3 VA Zy4
Z2 Z4 Zy Zy4 Zg Z4 Z9 Z3

A Z3 Z Z3 Z1 Zy
ZQ Z4 Zg Z4 Zg Zg
FIG. 3. Diagrams contributing to the scattering procgsg, —Z,Z, in NC U(1); the subscripts denote the momentum carried by the

field.
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Z, Zy
p1 N\ S P3 = _gie? (1—3s%,c) {Sin(pl A p2)sin(ps A pa) (GuoGvp — JupGva) +
P2/ N\ P4 ‘ ‘
sin(ps A p1) sin(p2 A pa) (9up9ve — Guw9ps) +
A Z,

sin(p1 A pa) sin(p2 A p3) (9uv9pe — Juo9vp) }

Zy |
Ay /" P2
—p N D3 :
, = —2e sy ew sin(pr A p2) [(P1 — P2)pGur + (P2 = P3)ugup + (03 — P1)vGup)
Zy
Z /" D2
N\ P3
A .
p1 = ~2e (sfy — cfy) sin(p1 A p2) [(P1 — P2) pGuw + (P2 — P3)ugup + (93 = P1)vGup]
o
. z,
h 7Pl = 2iemzcos(py A P2)Guv
N, D2
Z,

FIG. 4. NCU(1)XU(1) Feynman rules relevant fa, 2, -2, Z, .

Zl Z3 Z1 A, Z Z3 Z1 Z3 Z1 Z4
- AZ AZ
Zy Z4 Zy Zy4 Zy Zy Zy Z3
Z1 Z3 Z Z3 Z, Z4
Zy Zy4 Zy Zy Zy Z3

FIG. 5. Diagrams contributing to the scattering procgsg, —Z,Z, in NC U(1)xU(1); thesubscripts denote the momentum carried

by the field.
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ries. We next extend our investigation to a NC A=cyB+syC, mizo;
U(1)xU(1) theory; this example contains a direct product
gauge group and mixing between the gauge boson of each
group, which introduces additional complexities beyond the Z=syB—cyC, mi=2e%2 (12)
model of Sec. IIlA. The Lagrangian density defining this
theory is

1 1 We again consider the scattering procgsZ, —Z,Z, , and

L=—-B,*B*—=C,*Ct+ (D, ¢)*D*p—V(p), determine whether the unitarity violating(s*/m3,s/m3)
4~ 4+ # terms vanish. We present the necessary Feynman rules for
(10 this scenario in Fig. 4, and the contributing diagrams to this

process in Fig. 5. Note that exchanges of multiple gauge
bosons in thes andt channels are now present since/AnZ
3-point coupling is induced through mixing. In deriving
these Feynman rules we have used the trigonometric rela-
tions

whereB,,=d,B,—d,B,+ig[B,,B,]ug and similarly for
C,, with g—g', D,¢=d,¢+igB, *¢p—ig'¢$*C,, and
the potentialV(¢) is chosen so that its minimum is &
=v. Expanding¢ aroundv, and introducing the suggestive
notation

g __ 9 e=\g?+g'2 (11) Sy —Co=Sa—Ca, so+co,=1-3s3cy. (13

Sw= , Cw= ,
W /g2+g/2 w 192+g/2

we find a physical spectrum of fields consisting of a realSumming the diagrams in Fig. 5, and keeping only
massive scalar Higgls and the following gauge bosons: O(s?/m3 ,s/m3) contributions, we arrive at the amplitude

2
S
iM= —iezF [(—1+3s3,c3) +sty—Sa,c5+ Cih]
z

1
C4S(12)S(34) T+ Z( —3+2Cy+C5)S(13S24)

(02
ie
Tt oz {4(1-3s{,c) (3520 + S(14)S(28) — 3(1—4SHCH) (S(13)S(24)F S(14)5(23)
z

1
+g(=3-2¢,+ CH)S(aS(23)

—2C(12)C(34)T C(13)C(24) T C(14)C(23)F Col (11— 325\2/\10\2/\/)(3(13)5(24)— S(14)S(23)) — 2(1— 4s3,c5) S(12)S(34)

—8(1—3s4,C4) (12534 + C(14C(23)~ C(13C(24)]} - (14)

The (’)(szlm‘Z‘) terms have vanished using the relatisfb mixing than that found in th& (1)< U(1) case. It contains
+cf,=1-2s4,c?, and theO(s/m3) contributions also can- & two step symmetry breaking process akin to that used in
cel by using the relations in Eq&) and(9). Thus the pres- the NCSM of[3] as well as a spectrum which closely re-
ence of product groups and multiple gauge bosomigshe  sembles that ifi3]. The theory is defined by the Lagrangian
crucial feature causing the lack of tree-level unitarity in thedensity
NCSM. Again, for completeness, we have also studied the
processAZ —AZ , and found that the leadin@(s/m3) £=—£Tr(B *BAY) 4+ (D, be) ¥ D e — V(p)
terms cancel. 2 a

We therefore conclude that the additional complexities of
direct product gauge groups and gauge boson mixing do not
destroy our ability to maintain unitarity in NC processes con-
taining longitudinal vector particles.

+Tr(D,ha*D*hp) = V' (o), (15

where ¢ is the fundamental Higgs representatiafy the
matrix valued adjoint Higgs representation, &g the ma-
trix valued U(2) gauge field. The field strength tensor and

C. U(2): Fundamental + adjoint breaking covariant derivatives are
Perhaps unitarity was satisfied for the previous two test
cases because botd(1) and U(1)XU(1) are Abelian Buy=9,8,-9,B,+9[B,.B,]lve. (18
gauge groups. To address this issue, we studyUNZ) bro- )
ken by both a fundamental and an adjoint Higgs representa- D.¢r=0d,¢rt19B,* ¢,
tion; this example furnishes the breaking of a non-Abelian
gauge group together with a more complicated example of D,pa=0d,6a+0[B, Palus-
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We choose the potential(¢g),V' (pa) so that their sym- 5 g°v? ) g%v'?
metry breaking minima occur at Me="—"%— M="7% (18)
0 v o3
PE o=V 1) bro=75 5 17 . . I
V2 Our calculation will involve the contributions from the two

neutral scalarspg,¢3 from ¢ = ¢,0"/2, and the scalah
from the expansiorpe=v+h/\2+ic/\/2. We note in par-
ticular the relatiorm2=2m2 , which will be used later in this
section.

The gauge sector of this theory consists of the following
particles:

1
A:E(BO"" Bs), m’=0 As above, we examine the proce®& W, —W, W, .
The pertinent Feynman rules for this calculation are pre-
sented in Fig. 6, and the relevant diagrams in Fig. 7. Sum-
Z:i(BO_Bg), m§=gzv2 ming these contributions, we find that the leading terms
V2 again cancel leaving the followin@(s/m3,) contribution to
the amplitude[note that the(’)(szlm\‘}v) terms cancel after
Wizi(BliiBz), m\2/v2m|2:+mf\’ straightforward manipulations and so have not been dis-

played for this case

2

o ig® s m3 . . me .
iM= 16 i 8(0(13)0(24)+S(13)5(24))—3m—exp(—lpl/\p3+|p2/\p4)—4m—2exmp1/\pz—Ips/\P4)

2 2
W W W
mz . . ma ma
+2—exp(—ip1/\pstip2/\ps) — 16— (C(12)C(aa+ S(12)S(34) + 8— (C(13)C(24)F S(13)S(24))
My My My
mZ
+Cy| — 16(C(12)C(3a)T S(12)S(34) + 24(C(13)C(24) T+ S(13)S(24)) — 2m_2 exp(ip1/\p,—ips/\pa)
W
mZ . . mz . . ma
— — eXp(—ip1/\pat+ip2/\ps) —2—exp(—ip1/\p3+ip2/\Ps) — 8— (C(13)Caa) T S13)S(24) | ( - (19
My My My

Although messy in appearance this potentially unitarity vio-placement of the Higgsac representation with an adjoint
lating contribution can be shown to vanish through the use oHiggs representation, we will find that the dangerous
the relations in Eq(8) and the identitesnz=2mZ, m3,  O(s/m3) terms now remain in the amplitude foK," W,
=mZ+mj. Here we see that the existence of certain mass-W, W, . This theory is also quite similar to the NCSM of
relationships can be crucial in obtaining unitarity. We have[3], the only difference here being that the Higgsac represen-
also verified the cancellation of these dangerous terms in thieation breaks aJ(1) subgroup ofU(2) rather than aJ(1)
scattering processéez, —hz, , hW —hW, , andW; W, subgroup ofU(2)xU(1). Thesuccess of the model of Sec.
—WFW, . Il C therefore allows us to conclude that the problem with
The additional features present in this simplified theory ddhe theory proposed if8] is the use of the Higgsacs repre-
not ruin the delicate cancellations required to maintain unisentations to break the NCU(1) subgroups of
tarity; the problem with the NCSM df3] must lie elsewhere, U(3)XU(2)xU(1).
even though this toy model has features similar to those of We begin with the Lagrangian density
the NCSM. L
_ _ L==5Tr(B,,* B#")+ (D, ¢r)"™* D*pr—V(bg)
D. U(2): Fundamental Higgs + Higgsac
We now examine N@ (2) broken by both a fundamental +(D,¢n)*D b=V (y). (20)
Higgs representation and a Higgsac representation. Although
this model is identical to that studied in Sec. Il C upon re-The field strength tensd,,, and the covariant derivative of
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wir Wy
Pr\ /P4 =i92{[COS(P1/\P2+'p3/\p4)+COS(p1/\p4+pz/\p3)]9uugpa
3 /. N\ P2
—cos (p1 A ps + pa A
W ws (p1 A pa+ p2 A DP3) GupGvo

~c08 (p1 A D2 + P3 A P4) GuoGup }

A # :
p . .
il S5 P P2 [(p1 — p2) g + (P2 — P3)ugup + (P3 — P1)uGup]
«~ D3 : \\ P2
W
i
Z, o
/P = _:z/%e_zpmm [(p1 - p2)Png + (p2 — p3)MgVP + (p3 — pl)ugup]
— p3 P
W

wir
®o /P 2g masin (p1 A p2) gu
N\ D2
Wy,
N +
Wu W“
h /P ig mpeipl/\mguu #s o= 2igm.a cos (p1 A p2) i
N\, D2 > P2
W, W

FIG. 6. NCU(2) Feynman rules relevant faW," W_ —W,W_ .

the fundamental Higgs representatign are the same as Higgsac representation here is to induce mixing betw&en
given in Eq.(16) of Sec. lll C, and the covariant derivative andZ, leading to the following gauge sector spectrum:

of the Higgsac representation is given by

921/2

2 l

1
. W*=-—(B;FiB,), my=
D ybui= b+ 5 BO* (21) V2
,u¢H_ ;/,¢H 2 H¢H'

Zt=c,Z+s,A, mi=mi(l+sedpB)+tanB)),
Our conventions for the Higgsac covariant derivative differ
slightly from those in[3] in that we have not included a Z =c,A—s,Z, m:=mi(l—sedpB)+tanB)).
factor of two in the interaction term arising from the trace of (22
the SU?2) identity matrix. This is consistent with our normal-
ization of the triple gauge couplings. We choose the samélere s,,c, are shorthand for the mixing angles
minimum for ¢¢ as in Eq.(17), and the Higgsac minimum at sin(«), cosg), and tanf) is the ratio of the Higgsac and
¢ o=7'. The spectrum of Sec. Il C consisted of a masslesfundamental Higgs VEVSs; the explicit expressions are given
bosonA and three massive boso@sW=; the effect of the by
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W1+ h7 ¢0a ¢3 W,?j.

v
tar(ﬂ)zﬁ,
azg. (23

Upon taking3—0 we recover the case where NGQ) is

PHYSICAL REVIEW B6, 036001 (2002

wit w5t
AZ
Wy Wy

FIG. 7. Diagrams contributing
to the scattering procesd/; W,
—W/W[ in NC U(2); the sub-
scripts denote the momentum car-
ried by the field.

Wi

h, ¢o, ¢3

Wy

the O(s?/ mﬁ\,) terms cancel as expected as these terms arise
from the pure gauge sector and are not affected by the details
of the symmetry breaking. Th@(s/m\z,\,) terms again split

into those which are proportional I, and those which are
not, as in the previous examples. These must cancel indepen-
dently; for simplicity we list only thec, independent terms
below:

broken by just a fundamental Higgs representation; the
Higgsac representation decouples. We know from the calcu-
lations in Sec. Il C that in this limit the theory is unitary. To !
test the validity of using the Higgsac representation to break
the NCU (1) subgroup we must see whether we maintain a
unitary theory for all values oB.

We again study the proce®s, W — W, W, . This cal-
culation requires thew™ four-point coupling and then
—W*—W" vertex, which are given Fig. 6, as well as the
Zt—wW'—W~ andZ"—-W"—W" vertices, which are pre-
sented in Fig. 8. The contributing diagrams are displayed in
Fig. 9. Notice that since the Higgsac representation couples
only to Z=, it does not enter into this calculation; this is to be
contrasted with the model of Sec. Il C, in which the addition
of an adjoint Higgs representation generated additional dia-
grams which were required to maintain unitarity W{" W,

ig? s m>
2

M=—=—16exg—ip/\ps+ipa/\ps) —3
16 m

My W
X[c2exp(—ip1/Ap3+ip,/\ps)
+S2exXpip1/\P3—iP2/\Pa) = 2C,S,(C(13,C(2a)

2

m7 . .
—S(13)S(24)) 1 — 3m—2[0iexﬂ ip1/\p3—ip2/\pa)
W

+sZexp(—ip1/\ps+ipo/\pa)

+2€,S4(C(13)C(24)~ S(13)S(24)) 1 { +Col - - - ]- (24

—W,"W[ . Summing the contributions in Fig. 9, we find that In obtaining this expression we have used the relations in Eq.

Wy
Z+
P /" p1
L p3 \l p2
W
-
_ o
Zp /" p
— ps N\ P2
Wt

= _% (Ca eP1AP2 Sa eim/\m) [(pl - p2)pg;w + (p2 - pB)ugup + (pB - p1)ugup]

= % (Ca eP1P2 4 S e—im/\pz) [(pl - p2)pg;w + (p2 - pB)ugup + (pB - p1)ugup]

FIG. 8. Additional Feynman rules necessary W{ W, —W,"W[ in NC U(2) broken by both a fundamental Higgs and Higgsac

representation.
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wit Wi owit Zt, 2= Wi wit Wy
Z+,Z-
Wy We o owy W, ~ -
2 4 W Wy FIG. 9. Diagrams contributing
to the scattering procesd/; W,
—W/ W[ in NC U(2) broken by
both a fundamental Higgs and
Higgsac representation; the sub-
scripts denote the momentum car-
ried by the field.
+ + + +
Wi h W3 Wi W3
h
Wy Wy owy W

(8). It is clear that this expression does not vanish for generalepresentations. It was clear from this study that the use of
B. As an example, let us examine an arbitrary case withthe Higgsac representations to break the gauge symmetries is
tan(8) =3, s,=1/2, c,= \/3/2; with this choice of param- the source of this unitarity violation. In the SM the mass
eters the amplitude takes the very simple form relationship between th&/*= and Z fields as well as the

i Higgs exchanges ensures cancellations of the leading and

| M=12{3s1580a* Col - 1. (29 sub-leading unitarity violating terms for this process. In the
This clearly vanishes in the commutative limit whex{2)  version of the NCSM discussed here there are no relation-
splits into the product of independent group factris(2)  ships between the new gauge boson masses themselves or
X U(1), but not in ageneral NC setting. In addition, we have With those of thew* andZ and there are no Higgsac con-
found that a similar lack of cancellation ¢¥(s/m?) terms tributions to induce cancellations. Since thesg, andmi
occurs in the processZ, —hZz . Since the difference be- terms are unavoidable in this approach unitarity must fail and
tween the previous test case, where unitarity was maintainedhis version of the NCSM becomes phenomenologically un-
and the one presented here was to trade an adjoint Higggeceptable.
representation for a Higgsac representation in the symmetry If Higgsac representations cannot be used in the symme-
breaking, we thus conclude that the use of the Higgsac repty breaking of the NCSM then we are faced with a severe
resentation in NC symmetry breaking induces unitarity vio-model construction problem. The use of productsUgi)
lations in processes involving longitudinal gauge bosons. groups, required by gauge invariance and algebraic closure

As can be seen from the above discussion, our survey dh the Moyal approach, necessitates the breaking of their

toy models has allowed us to isolate the source of the tredJ(1) subgroups as the first stage of symmetry breaking
level unitarity breakdown in the proposed NCSM: the break-since they cannot be identified with th&1)y gauge sym-

ing of the symmetry by the Higgsac fields. metry of the SM. As noted earlier, ordinary Higgs represen-
tations such as fundamentals or adjoints will not break these
IV. DISCUSSION AND CONCLUSION U(1)'s but will instead break theSU(n) subgroups; this

. . . must be avoided. Using larger NC gauge groups does not
The straightforward construction of a NC version of the e, the sityation as fundamental and adjoint vevs only in-

SM is made difficult by the requirements of gauge invariancqjuce the breaking pattet(n)— U (n—1) instead of break-
and the constraints that arise from group theory. Once the ﬁg to SU(n—1)

conditions are met we expect any realistic perturbative N
model that reduces to the SM in the commutative limit top,
possess a number of essential properties in order to berﬂ
viable theory and make phenomenological predictions:
renormalizability, anomaly freedom, tree-level unitarity, etc.
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