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Noncommutativity and unitarity violation in gauge boson scattering

J. L. Hewett, F. J. Petriello, and T. G. Rizzo
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94309

~Received 2 January 2002; published 5 August 2002!

We examine the unitarity properties of spontaneously broken noncommutative gauge theories. We find that
the symmetry breaking mechanism in the noncommutative standard model of Chaichianet al. leads to an
unavoidable violation of tree-level unitarity in gauge boson scattering at high energies. We then study a variety
of simplified spontaneously broken noncommutative theories and isolate the source of this unitarity violation.
Given the group theoretic restrictions endemic to noncommutative model building, we conclude that it is
difficult to build a noncommutative standard model under the Weyl-Moyal approach that preserves unitarity.
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I. INTRODUCTION

The possibility of noncommuting space-time coordina
is an intriguing one which arises naturally in string theo
and gives rise to a rich phenomenology@1,2#. As such, non-
commutative quantum field theory~NCQFT! has the poten-
tial to provide an attractive and motivated theory of phys
beyond the standard model~SM!. However, while a consis
tent noncommutative~NC! version of QED has been deve
oped, a NC analog of the full SM has proven to be proble
atic for reasons detailed below. Possible NC gauge gro
and matter representations are theoretically restricted, an
we will show, the basic difficulty lies in constructing a viab
symmetry breaking mechanism which reduces the NC ga
group to that of the SM. We investigate a variety of mod
and demonstrate that the NC symmetry breaking mechan
in a leading candidate for a NCSM@3# leads to an unavoid
able violation of tree-level unitarity in gauge boson scatt
ing.

NCQFT can be realized@4# in the string theoretic limit
where string end points propagate in the presence of b
ground fields. In this case, the endpoints of strings no lon
commute and their coordinate operators obey the relatio

@ x̂m ,x̂n#5 iumn5
i

LNC
2

cmn , ~1!

where umn(cmn) is a constant, real, anti-symmetric matr
and LNC represents the scale where NC effects set in. T
most likely value for the NC scale is that of the string
fundamental Planck scale which, in principle, can be of or
a TeV. Space-space noncommutativity occurs in the prese
of background magnetic fields withu i j [( ĉB) i j /LB

2Þ0,
whereas space-time NC theories are related to backgro
electric fields withu0i[( ĉE)0i /LE

2Þ0. Note that the unit

vectorsĉB,E are frame independent and hence Lorentz inv
ance will be violated at theLB,E NC scales@5#. These theo-
ries conserveCPT and have been claimed to be unitary
the conditionumnumn>0 is satisfied@6#. While this condition
might hold for unbroken NC theories, we will show belo
that it is not sufficient to guarantee unitarity for all choices
Higgs representations in the spontaneously broken case

There are two approaches for constructing quantum fi
theories on NC spaces. The first relates fields in the NC
0556-2821/2002/66~3!/036001~14!/$20.00 66 0360
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the usualR4 spaces via the Weyl-Moyal correspondence.
this case, ordinary fields are replaced by their NC coun
parts and the ordering of fields in the NC space is given
the Moyal star product, defined by

Â~ x̂!B̂~ x̂!5A~x!* B~x!

5A~x!expH i

2
umn]Qm]W nJ B~x!, ~2!

where the hatted quantities correspond to those in the
space. NCQFT is formulated as that of ordinary QFT w
star products substituting for products and commutators
placed by Moyal brackets,

@A,B#MB5A* B2B* A, ~3!

with *d4x@A(x),B(x)#MB50. Only U(n) Lie algebras are
closed under Moyal brackets@7# and hence NC model build
ing is restricted in this case. The simplest version of a NCS
thus requires a gauge group at least as large
U(3)3U(2)3U(1).

The second approach relies on the Seiberg-Witten m
which represents the NC fields in terms of the correspond
fields in ordinaryR4 as a power series expansion inumn .
While this procedure allows for generalizations of the s
product to be constructed for a broader set of gauge theo
@8#, it generates an infinite set of higher dimensional ope
tors. It is hence difficult to employ and is not necessar
attractive as a model building option. We neglect this pos
bility here.

NC extensions have been shown to preserve renorm
ability at the one- to two-loop level in the cases of unbrok
@9# f4 and Yang-Mills theories, as well as for spontaneou
broken@10# U(1) andU(2) at one loop.

Ordinary gauge transformations forU(n) gauge theories
must be modified@11# to include NC generalizations. Gaug
invariance requires non-Abelian-like gauge couplings, ev
for U(1) theories, and dictates that matter only be placed
the singlet,~anti-!fundamental, or adjoint representations.
addition, some interaction vertices pick up momentum
pendent phase factors. In the NC version of QED, this
duces 3- and 4-point self-couplings for photons and restr
QED interactions to particles of chargeq50,6e. Despite
these limitations, 2→2 scattering processes at high energ
in QED provide clean observables@12# for NCQED effects.
©2002 The American Physical Society01-1
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In addition, several low-energy QED processes@13#, e.g.,
Lamb shift,g22, can probe NC interactions. A disparate s
of bounds on the scale of non-commutativity exists in
literature; the results obtained in Ref.@5# from considerations
of low-energy tests of Lorentz invariance range from 10
1013 TeV. The authors of these papers did not use a
NCSM in deriving their results and many of the operato
considered in these papers do not appear when theU(N)
groups used by Chaichianet al. are employed. Here we
adopt the conservative view advocated by us in our ea
work and subsequently followed by the authors in Ref.@12#:
TeV-scale NC effects could appear in theories with we
scale quantum gravity, and that until an analysis of low
ergy Lorentz violation within a consistent NCSM is pe
formed, the conservative;10 TeV limit is an appropriate
gauge of the bounds obtainable from low energy exp
ments.

There are clear difficulties in formulating a NCSM bas
on the Weyl-Moyal approach due to the restrictions impo
from group theory and gauge invariance:~a! charge quanti-
zation, e.g., NCQED cannot contain fractionally charged p
ticles, and~b! performing the NCU(n) symmetry breaking
without generating a mass for the gauge fields of theSU(n)
component of theU(n). A first attempt to build a NCSM by
Chaichian et al. @3# is based on the gauge grou
U(3)c3U(2)L3U(1). The phenomenology of such NC
theories is important to study for a number of reasons:~i! the
NCSM of Chaichianet al. explains both the matter conten
and quantum number assignments of the SM; no other
ticles charged under the gauge groups are permitted, an
hypercharge assignments of the SM fields are fixed by
Higgsac breaking pattern.~ii ! The inherentCP violation in-
duced by the star product presents the possibility of expl
ing CP violation via non-commutative geometry, a view
point advocated by Hinchliffe and Kersting@13#. The explicit
model constructed by Chaichianet al. allows this intriguing
idea to be studied quantitatively.~iii ! The general subject o
NC field theories has received an extraordinary amoun
attention from the theoretical community in the past fe
years, making a testable NC version of the SM desirable.
model of Chaichianet al. also at first appears to resolve th
issues~a! and ~b! above. However, we find that the mod
proposed by these authors leads to unitarity violation at h
energies in 2→2 gauge boson scattering. By studying sim
lar scattering processes in more simplified NC gauge th
ries, we have isolated the cause of the unitarity breakdow
this model to be the choice of NC symmetry breaki
mechanism.

A review of the Chaichianet al. model and our calcula
tions of gauge boson scattering within it is given in the n
section. Our study of potential unitarity violation in 2→2
gauge scattering in a variety of simpler NC models is p
sented in Sec. III, and a discussion of our results is given
Sec. IV.

II. THE NONCOMMUTATIVE STANDARD MODEL

As was discussed in the Introduction, group theory a
gauge invariance enforce strict constraints on the const
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tion of NC models following the conventional Moyal ap
proach. In addition to the requirement that theories be b
out of products ofU(n) factors and that only the singlet (S),
fundamental (F), anti-fundamental (F̄) or adjoint~A! repre-
sentations are allowed for matter fields@i.e., Q50,61 for
the case ofU(1)#, Chaichianet al. have shown@14# that a
‘‘no go’’ theorem is operative. This theorem states that
any gauge group consisting of a product of simple gro
factors, matter fields can only transform nontrivially under
most two of the simple groups. In particular, if a field tran
forms under one factor as aF then it must transform unde
the second as anF̄. Note that while SM matter fields ar
already in fundamental representations, the left-handed q
doublet (QL) transforms nontrivially under allthree SM
group factors. This clearly complicates the construction
the NCSM.

The minimal group structure for the NCSM which ca
containSU(3)c3SU(2)L3U(1)Y in the commutative limit
is U(3)c3U(2)L3U(1); this has both positive and negativ
features for NCSM construction. On the positive side,
SM fractional hypercharges may receive contributions a
ing from the U(1) factor as well as from the twoU(1)
subgroups,U(1)c,L , contained inU(3)c andU(2)L so that
the constraint ofU(1) chargeQ50,61 assignments can b
satisfied. However, the increase in group rank by two imp
that there are now two new additional neutral weak boson
the theory that will have couplings to SM matter field
These two new states must be made sufficiently massiv
to avoid present Tevatron direct search constraints@15# as
well as those arising from precision electroweak data@16#;
we thus expect their masses to be greater than a TeV or s
addition, spontaneous symmetry breaking must take plac
at least two steps to recover the correct phenomenolog
structure and have the correct SM commutative limit. Effe
tively, this means that theU(1)3U(1)c3U(1)L symmetry
must first break toU(1)Y without breaking theSU(3)c or
SU(2)L groups themselves.

In a recent paper, Chaichian@3# have apparently eithe
overcome or satisfied all of the above obstacles and c
structed a NC version of the SM. The SM matter content
this proposed construction is given in Table I. As can be s
the representation content explicitly satisfies the no
theorem. Next, the authors perform the breaking
the U(3)c3U(2)L3U(1) symmetry in several steps

TABLE I. Quantum number assignments for the SM fermi
and Higgs fields in the NCSM using the notation discussed in
text.

Field U(3) U(2) U(1)

QL F̄ F S

LL S F F̄
eR S S F̄
uR F̄ S F

dR F̄ S S

h S F S
1-2
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first, two linear combinations of theU(1)’s within
U(1)c3U(1)L3U(1) must be broken. As this is a produ
of three group factors the no-go theorem requires that
Higgs fields are necessary to break this symmetry down
U(1)Y . It is clear that these Higgs fields cannot correspo
to any of the usualSU(n) representations since then the
VEV’s would not only break theU(1) subgroups of the
U(n)’s but the SU(n) factors as well. To get around this
Chaichianet al. @3# have considered Higgs fields in a ne
representation, which they call Higgsac~H! fields. They
transform only under theU(1) subgroup ofU(n), so that
when they acquire a VEV theSU(n) subgroup remains un
broken. Essentially, a Higgsac breaksU(1)c3U(1)L to
U(1)8 and a second Higgsac then produces the brea
U(1)83U(1) to U(1)Y . Given the two distinct Higgsac
VEV’s, the masses of the two heavy gauge bosons areun-
correlatedand arbitrary. To be more specific, denoting t
original weak eigenstateU(1)c3U(1)L3U(1) gauge fields
by G08,W08 andB, respectively, the weak and the unprim
mass eigenstate fields are related byG085c23G

0

1s23(c11W
01s11Y), W0852s23G

01c23(c11W
01s11Y),

and B52s11W
01c11Y. Here W0,G0 are the new massive

gauge bosons whileY is the massless boson coupling to h
percharge andci j (si j )5cosdij(sindij), with d i j being appro-
priate mixing angles. As mentioned above we anticipate
these new gauge bosons are more massive than a
;1 TeV. Given the gauge couplingsg1,2,3 for the appropri-
ate U(n) groups, the mixing angles can be expressed
tand2352g2/3g3 and 2c23tand115g1 /g2. In addition, con-
sistency with the fermion couplings of the SM in the com
mutative limit implies thatg35gs , the usual QCD coupling
g25g, the usual weak coupling,g152g8/c11, with g8 being
the usual hypercharge coupling of the SM, and also the r
tion s11c235tanuW .

The last step of the symmetry breaking is accomplish
through the VEV of the isodoublet fieldh listed in the table.
It generates the ordinary fermion masses in the usual ma
as well as the conventionalW6 andZ masses with the iden
tification e5g sinuW. There is however one additional e
fect: mixing is induced between the SMZ field and the more
massiveG0,W0 states which is of ordermZ

2/mG,W
2 ; for TeV

or heavier states we expect this mixing to be quite sm
<0.01, and can be safely neglected on most occasi
Given the values of the couplings, all of the mixing ang
are fixed so that the only free parameters in the gauge se
of the model are the masses of theG0 and W0 states. Of
03600
o
to
d

g

at
out

s

a-

d

er

ll,
s.

s
tor

course the scalesLE,B associated with the NC physics, a
defined in the introduction, still remain arbitrary.

Before examining the phenomenology of this model,
may first want to check whether or not the theory is unita
at the tree level. The classic test for this in the SM is t
scattering of pairs of longitudinalW6, i.e., WL

1WL
2

→WL
1WL

2 . This process provides a particularly useful test
the NCSM case as it is independent of how the fermions
embedded into the theory. In the SM at amplitude level,
leading terms from a typical diagram behave as (s2/mW

4 );
such terms cancel among the contributions from thes- and
t-channelg and Z exchanges and the 4-point graph due
gauge invariance and the natural relationshipmW

5mZcosuW. The sub-leadings/mW
2 contributions also cance

when s- and t-channel Higgs boson exchanges are includ
yielding a result which does not grow withs and is unitary.
In the NCSM, as we will see below, the leading terms s
cancel because of the gauge symmetry, but the sublea
terms remain so that unitarity is not satisfied. Let us n
discuss these cancellations in some detail.

To be as explicit and straightforward as possible, we w
separately calculate both the leading and next-to-lead
s/mW

2 terms for each of the contributing diagrams to demo
strate how the required cancellations fail to occur in t
NCSM. For simplicity, these calculations will be performe
in the limit that the weak scale mixing induced between
Z and the heavy statesW0 and G0 can be neglected. The
additional terms that are generated by such mixing are s
leading to the ones included below by factors of ord
mZ

2/mG,W
2 and will have no influence upon our results. Usin

the couplings derived in@9# for NC U(n) gauge theories, we
can now generate all of the Feynman rules for this mod
The relevant ones forWL

1WL
2→WL

1WL
2 are presented in Fig

1. Here, we have introduced the wedge product which
defined aspi`pj5

1
2 pi

mpj
numn , and the direction of the mo

menta are as labeled. The kinematic phases at each ve
which arise from the Fourier transformation of the intera
tion term into momentum space, mentioned above are exp
itly apparent. To be specific, we will perform our calculatio
in the center-of-mass frame. This is sufficiently general as
Lorentz violation is isolated in the wedge products which
never need to explicitly evaluate. We now turn to the in
vidual contributions.

The four-point graph gives the following
O(s2/mW

4 ,s/mW
2 ) contributions to the amplitude:
1-3
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where we have introduced the abbreviation cos(u)5cu , with u being the scattering angle between thep1 and p3 three-
momenta.

The amplitude for thes-channel exchange for a generic gauge bosonV is given by

where the quantitiesAV
i j are obtained from the coefficients of the gauge 3-point couplings in Fig. 1, with thei j denoting the

FIG. 1. NCSM Feynman rules relevant forWL
1WL

2→WL
1WL

2 .
036001-4
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momentum ordering in the wedge product. For example,AG0
21

5gs23sin(p2`p1) and Ag
2152 igsWcos(p2`p1)

2gc23s11cWsin(p2`p1). For the full amplitude we must sum over all possible intermediate statesV5g,Z,G0 andW0.
The t-channel exchange of a generic gauge bosonV yields the following expression:

where theAV
i j are as defined above. Again, to obtain the full amplitude we must sum overV5g, Z, G0 andW0.

The s-channel SM Higgs exchange yields

Similarly the t-channel Higgs exchange gives the corresponding result

Note that there are no Higgsac contributions as they do not couple to the SM gauge fields.
Summing these expressions, using the relations

p1`p32p2`p45p1`p22p3`p4 , ~4!

which follows from momentum conservation and the antisymmetry of the wedge product, andc23s115tanuW[tW , and setting
mW

2 5mZ
2cW

2 , we find that theO(s2/mW
4 ) do indeed cancel as expected. The remainingO(s/mW

2 ) contributions only partially
cancel, however, and the remainder can be combined to yield

iM5
ig2

8

s

mW
2 H 6 cos~p1`p32p2`p4!23exp~2 ip1`p31 ip2`p4!23@cos~p1`p3!cos~p2`p4!

1tW
4 sin~p1`p3!sin~p2`p4!1 i t W

2 sin~p1`p32p2`p4!#23FmG0
2

mW
2

s23
2 1

mW0
2

mW
2

c23
2 c11

2 Gsin~p1`p3!sin~p2`p4!

1cuF4 cos~p1`p22p3`p4!2exp~2 ip1`p21 ip3`p4!2„cos~p1`p3!cos~p2`p4!12 cos~p1`p2!

3cos~p3`p4!1tW
4 sin~p1`p3!sin~p2`p4!12tW

4 sin~p1`p2!sin~p3`p4!2 i t W
2 sin~p1`p32p2`p4!…

2FmG0
2

mW
2

s23
2 1

mW0
2

mW
2

c23
2 c11

2 G $sin~p1`p3!sin~p2`p4!12 sin~p1`p2!sin~p3`p4!%G J . ~5!
036001-5
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One can trivially check that in the commutative SM limit th
expression indeed vanishes. Remember that in the SM
mass relationship between theW6 andZ fields as well as the
Higgs exchanges ensures the cancellations. Although
above expression is rather complicated, it is clear that it c
not be made to vanish in the general NC case. This is m
easily seen by the presence of the large and most dange
terms proportional tomG0

2 andmW0
2 ; recall that these masse

are arbitrary functions of the two Higgsac VEVs. Here the
are no corresponding relationships between the new ga
boson masses themselves or with those of theW6 andZ and
there are no Higgsac contributions with couplings prop
tional tomG0 and/ormW0 to help the cancellations. As we se
from the above calculation, themG0

2 and mW0
2 terms arise

from thes- and t-channel vector boson exchanges when
propagators are expanded to leading- and next-to-leading
der in s. This means that such terms are unavoidable in
scenario and unitarity must fail.

It is instructive to ask at what scale tree-level unitarity
violated in this model. The theory is only unitary for a
values ofAs whenLNC→`; therefore, for all finite choices
of LNC , the theory violates unitarity for some value ofAs.
This leads to a lower bound onLNC as a function ofAs,
which we derive by demanding that the theory be unitary
As,LNC . Unitarity is not restored at high energies; instea
the unitarity violating effects become stronger asAs is in-
creased above this limit. Let us examine theWL

1WL
2 scatter-

ing process in the center-of-mass frame and assume for
plicity that the non-commutativity is of the space-space ty
It is clear as noted above that the most dangerous terms
proportional to the squares of the new gauge boson mas
Keeping only these leading terms we find the constraint

LB.0.83@~As!6sin2g~mW0
2

10.19mG0
2

!#1/4, ~6!

where all quantities are in TeV. Hereg is the angle between
the momentump1 and the unit vectorĉB . These bounds can
be quite severe; taking sing51 andmW05mG0, one finds that
LB.0.86(9.6,27.3)AmG0 TeV for As51(5,10) TeV. As
mentioned above the Tevatron direct searches and e
troweak precision data restrict the masses of the two n
gauge bosons,G0 andW0, to be greater than approximate
1 TeV; a detailed analysis of the electroweak data strength
this lower limit to 2–3 TeV. Thus we find rather strong co
straints for new gauge boson masses in the few TeV m
range. Turning this around, if we choosemG0

5mW0

52 TeV, and Aŝ5125 TeV to estimate the energie
available at future colliders, we findLNC.2 –10 TeV at the
CERN Large Hadron collider~LHC!. These limits are com-
parable to the 10 TeV constraints discussed above, and
the advantage of being obtained within the framework o
full NCSM. Similar strong bounds are to be expected in
cases of space-time or mixed non-commutativity.

In order to elucidate the origin of the apparent proble
that we have just encountered, it would be beneficial to
amine a parallel set of processes in somewhat more sim
fied NC gauge theories that are more tractable. By using a
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of test models we hope to cleanly isolate the basic cause
the unitarity failure in the NCSM and probe the issue in
more general way. We hope to answer the question of
when are spontaneously broken NC gauge theories n
unitary.

III. TEST MODELS

In this section we examine gauge boson scattering i
variety of test cases of spontaneously broken NC theor
We start with the simplest possibility, that of spontaneou
broken NCU(1), andthen work our way towards more re
alistic models adding one layer of complications at a time.
this manner, we hope to isolate the source of unitarity vio
tion discovered above and determine its consequences
future NC model building. Since the unitarity failure encou
tered above occurred in the pure gauge or Higgs sector
need not worry about the fermion content of any of the t
models that we examine below and thus need only cons
the process of gauge boson scattering.

A. Spontaneously broken NCU„1…

We first examine the simplest example of a spontaneou
broken NC theory, that of NCU(1) which is broken by a
complex scalar field transforming as a fundamental under
gauge group. A one-loop analysis of this model was fi
performed in@10#, to which the reader is referred for a mo
detailed discussion. The physical spectrum after symm
breaking consists of a massive real scalar Higgs fieldh and a
massive vector fieldZ. This theory was shown by explici
calculation to be one loop renormalizable@10#, and we there-
fore expect it to be unitary at the tree level unlike the NCS
whose one-loop properties are unknown. To test whethe
not tree-level unitarity is satisfied we calculate the high e
ergy limit of the scattering processZLZL→ZLZL . As in the
NCSM case above, we need to check if the potential unita
violating terms ofO(s2/mZ

4 ,s/mZ
2) vanish after summing

over all the diagrams.
The Feynman rules relevant to this calculation are giv

in Fig. 2, and the diagrams contributing toZLZL→ZLZL are
presented in Fig. 3. Summing these seven diagrams foll
ing the same procedure as in the case of the NCSM
keeping only theO(s2/mZ

4 ,s/mZ
2) terms, yields the ampli-

tude

iM5
ig2

2

s

mZ
2 $cos~p1`p32p2`p4!

1cos~p1`p42p2`p3!22c(12)c(34)

1cu@cos~p1`p41p2`p3!2cos~p1`p31p2`p4!

210~s(12)s(34)1s(14)s(23)2s(13)s(24)!#%, ~7!

wherecu is defined as in the previous section. We have
troduced the shorthand notation sin(pi`pj)5s(ij ) , cos(pi`pj)
5c(ij ) ; it is important that these should not be confused w
the abbreviations used for the mixing angles in the NCS
1-6
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FIG. 2. NCU(1) Feynman rules relevant forZLZL→ZLZL .
d

he
e

sce-
the

on-
tree-
gi-

e
o-
We see that theO(s2/mZ
4) terms cancel trivially as expecte

and as in the NCSM case above. Use of the relations

p1`p22p3`p45p1`p32p2`p4

p1`p21p3`p45p1`p42p2`p3

p1`p31p2`p452p1`p42p2`p3 , ~8!

which follow directly from momentum conservation and t
antisymmetry of the wedge product, and the consequ
identity

s(12)s(34)5s(13)s(24)2s(14)s(23) , ~9!
03600
nt

then leads to a cancellation of theO(s/mZ
2) terms. Unitarity

is thus preserved at high energies as expected for this
nario. For the sake of completeness, we also examined
processhZL→hZL , and found that the leadingO(s/mZ

2)
terms similarly cancel.

This calculation demonstrates that it is possible to c
struct a spontaneously broken NC theory that preserves
level unitarity in processes involving the scattering of lon
tudinal gauge bosons.

B. U„1…ÃU„1…

PerhapsU(1) is too simple of an example to reveal th
potential unitarity failure of spontaneously broken NC the
the
FIG. 3. Diagrams contributing to the scattering processZLZL→ZLZL in NC U(1); thesubscripts denote the momentum carried by
field.
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FIG. 4. NCU(1)3U(1) Feynman rules relevant forZLZL→ZLZL .

FIG. 5. Diagrams contributing to the scattering processZLZL→ZLZL in NC U(1)3U(1); thesubscripts denote the momentum carri
by the field.
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ries. We next extend our investigation to a N
U(1)3U(1) theory; this example contains a direct produ
gauge group and mixing between the gauge boson of e
group, which introduces additional complexities beyond
model of Sec. III A. The Lagrangian density defining th
theory is

L52
1

4
Bmn* Bmn2

1

4
Cmn* Cmn1~Dmf!†* Dmf2V~f!,

~10!

whereBmn5]mBn2]nBm1 ig@Bm ,Bn#MB and similarly for
Cmn with g→g8, Dmf5]mf1 igBm* f2 ig8f* Cm , and
the potentialV(f) is chosen so that its minimum is atf0
5n. Expandingf aroundn, and introducing the suggestiv
notation

sW5
g

Ag21g82
, cW5

g8

Ag21g82
, e5Ag21g82, ~11!

we find a physical spectrum of fields consisting of a r
massive scalar Higgsh and the following gauge bosons:
-

he
th

o
n
n

es

nt
ia

03600
t
ch
e

l

A5cWB1sWC, mA
250;

Z5sWB2cWC, mZ
252e2n2. ~12!

We again consider the scattering processZLZL→ZLZL , and
determine whether the unitarity violatingO(s2/mZ

4 ,s/mZ
2)

terms vanish. We present the necessary Feynman rule
this scenario in Fig. 4, and the contributing diagrams to t
process in Fig. 5. Note that exchanges of multiple gau
bosons in thes andt channels are now present since anAZZ
3-point coupling is induced through mixing. In derivin
these Feynman rules we have used the trigonometric r
tions

sW
4 2cW

4 5sW
2 2cW

2 , sW
6 1cW

6 5123sW
2 cW

2 . ~13!

Summing the diagrams in Fig. 5, and keeping on
O(s2/mZ

4 ,s/mZ
2) contributions, we arrive at the amplitude
iM52 ie2
s2

mZ
4 H @~2113sW

2 cW
2 !1sW

4 2sW
2 cW

2 1cW
4 #S cus(12)s(34)1

1

4
~2312cu1cu

2!s(13)s(24)

1
1

4
~2322cu1cu

2!s(14)s(23)D J 1
ie2

2

s

mZ
2 $4~123sW

2 cW
2 !~s(13)s(24)1s(14)s(23)!23~124sW

2 cW
2 !~s(13)s(24)1s(14)s(23)!

22c(12)c(34)1c(13)c(24)1c(14)c(23)1cu@~11232sW
2 cW

2 !~s(13)s(24)2s(14)s(23)!22~124sW
2 cW

2 !s(12)s(34)

28~123sW
2 cW

2 !s(12)s(34)1c(14)c(23)2c(13)c(24)#%. ~14!
d in
e-
n

nd
The O(s2/mZ
4) terms have vanished using the relationsW

4

1cW
4 5122sW

2 cW
2 and theO(s/mZ

2) contributions also can
cel by using the relations in Eqs.~8! and~9!. Thus the pres-
ence of product groups and multiple gauge bosons isnot the
crucial feature causing the lack of tree-level unitarity in t
NCSM. Again, for completeness, we have also studied
processAZL→AZL , and found that the leadingO(s/mZ

2)
terms cancel.

We therefore conclude that the additional complexities
direct product gauge groups and gauge boson mixing do
destroy our ability to maintain unitarity in NC processes co
taining longitudinal vector particles.

C. U„2…: Fundamental ¿ adjoint breaking

Perhaps unitarity was satisfied for the previous two t
cases because bothU(1) and U(1)3U(1) are Abelian
gauge groups. To address this issue, we study NCU(2) bro-
ken by both a fundamental and an adjoint Higgs represe
tion; this example furnishes the breaking of a non-Abel
gauge group together with a more complicated example
e

f
ot
-

t

a-
n
of

mixing than that found in theU(1)3U(1) case. It contains
a two step symmetry breaking process akin to that use
the NCSM of @3# as well as a spectrum which closely r
sembles that in@3#. The theory is defined by the Lagrangia
density

L52
1

2
Tr~Bmn* Bmn!1~DmfF!†* DmfF2V~fF!

1Tr~DmfA* DmfA!2V8~fA!, ~15!

wherefF is the fundamental Higgs representation,fA the
matrix valued adjoint Higgs representation, andBm the ma-
trix valued U(2) gauge field. The field strength tensor a
covariant derivatives are

Bmn5]mBn2]nBm1g@Bm ,Bn#MB , ~16!

DmfF5]mfF1 igBm* fF ,

DmfA5]mfA1g@Bm ,fA#MB .
1-9
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We choose the potentialsV(fF),V8(fA) so that their sym-
metry breaking minima occur at

fF,05nS 0

1D , fA,05
n8

A2

s3

2
. ~17!

The gauge sector of this theory consists of the follow
particles:

A5
1

A2
~B01B3!, m250

Z5
1

A2
~B02B3!, mZ

25g2n2

W65
1

A2
~B17 iB2!, mW

2 5mF
21mA

2 ,
io
o

as
v
t

d
n

,

l
u
e

03600
mF
25

g2n2

2
, mA

25
g2n82

2
. ~18!

Our calculation will involve the contributions from the tw
neutral scalarsf0 ,f3 from fA5fmsm/2, and the scalarh
from the expansionfF5n1h/A21 is/A2. We note in par-
ticular the relationmZ

252mF
2 , which will be used later in this

section.
As above, we examine the processWL

1WL
2→WL

1WL
2 .

The pertinent Feynman rules for this calculation are p
sented in Fig. 6, and the relevant diagrams in Fig. 7. Su
ming these contributions, we find that the leading ter
again cancel leaving the followingO(s/mW

2 ) contribution to
the amplitude@note that theO(s2/mW

4 ) terms cancel after
straightforward manipulations and so have not been
played for this case#:
iM5
ig2

16

s

mW
2 H 8~c(13)c(24)1s(13)s(24)!23

mZ
2

mW
2

exp~2 ip1`p31 ip2`p4!24
mF

2

mW
2

exp~ ip1`p22 ip3`p4!

12
mF

2

mW
2

exp~2 ip1`p31 ip2`p4!216
mA

2

mW
2 ~c(12)c(34)1s(12)s(34)!18

mA
2

mW
2 ~c(13)c(24)1s(13)s(24)!

1cuF216~c(12)c(34)1s(12)s(34)!124~c(13)c(24)1s(13)s(24)!22
mZ

2

mW
2

exp~ ip1`p22 ip3`p4!

2
mZ

2

mW
2

exp~2 ip1`p31 ip2`p4!22
mF

2

mW
2

exp~2 ip1`p31 ip2`p4!28
mA

2

mW
2 ~c(13)c(24)1s(13)s(24)!G J . ~19!
int
us

f
en-

.
ith
-

f

Although messy in appearance this potentially unitarity v
lating contribution can be shown to vanish through the use
the relations in Eq.~8! and the identitiesmZ

252mF
2 , mW

2

5mF
21mA

2 . Here we see that the existence of certain m
relationships can be crucial in obtaining unitarity. We ha
also verified the cancellation of these dangerous terms in
scattering processeshZL→hZL , hWL

1→hWL
1 , andWT

1WL
2

→WT
1WL

2 .
The additional features present in this simplified theory

not ruin the delicate cancellations required to maintain u
tarity; the problem with the NCSM of@3# must lie elsewhere
even though this toy model has features similar to those
the NCSM.

D. U„2…: Fundamental Higgs¿ Higgsac

We now examine NCU(2) broken by both a fundamenta
Higgs representation and a Higgsac representation. Altho
this model is identical to that studied in Sec. III C upon r
-
f

s
e
he

o
i-

of

gh
-

placement of the Higgsac representation with an adjo
Higgs representation, we will find that the dangero
O(s/mW

2 ) terms now remain in the amplitude forWL
1WL

2

→WL
1WL

2 . This theory is also quite similar to the NCSM o
@3#, the only difference here being that the Higgsac repres
tation breaks aU(1) subgroup ofU(2) rather than aU(1)
subgroup ofU(2)3U(1). Thesuccess of the model of Sec
III C therefore allows us to conclude that the problem w
the theory proposed in@3# is the use of the Higgsacs repre
sentations to break the NCU(1) subgroups of
U(3)3U(2)3U(1).

We begin with the Lagrangian density

L52
1

2
Tr~Bmn* Bmn!1~DmfF!†* DmfF2V~fF!

1~DmfH!†* DmfH2V8~fH!. ~20!

The field strength tensorBmn and the covariant derivative o
1-10
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FIG. 6. NCU(2) Feynman rules relevant forWL
1WL

2→WL
1WL

2 .
s
e

fe
a
o
l-
m
t
es

n

s

en
the fundamental Higgs representationfF are the same a
given in Eq.~16! of Sec. III C, and the covariant derivativ
of the Higgsac representation is given by

DmfH5]mfH1
ig

2
Bm

0 * fH . ~21!

Our conventions for the Higgsac covariant derivative dif
slightly from those in@3# in that we have not included
factor of two in the interaction term arising from the trace
the SU~2! identity matrix. This is consistent with our norma
ization of the triple gauge couplings. We choose the sa
minimum forfF as in Eq.~17!, and the Higgsac minimum a
fH,05n8. The spectrum of Sec. III C consisted of a massl
bosonA and three massive bosonsZ,W6; the effect of the
03600
r

f

e

s

Higgsac representation here is to induce mixing betweeA
andZ, leading to the following gauge sector spectrum:

W65
1

A2
~B17 iB2!, mW

2 5
g2n2

2
,

Z15caZ1saA, m1
2 5mW

2
„11sec~b!1tan~b!…,

Z25caA2saZ, m2
2 5mW

2
„12sec~b!1tan~b!….

~22!

Here sa ,ca are shorthand for the mixing angle
sin(a), cos(a), and tan(b) is the ratio of the Higgsac and
fundamental Higgs VEVs; the explicit expressions are giv
by
1-11
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FIG. 7. Diagrams contributing
to the scattering processWL

1WL
2

→WL
1WL

2 in NC U~2!; the sub-
scripts denote the momentum ca
ried by the field.
th
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e
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at
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tails

pen-

Eq.
tan~b!5
n82

2n2
,

a5
b

2
. ~23!

Upon takingb→0 we recover the case where NC U~2! is
broken by just a fundamental Higgs representation;
Higgsac representation decouples. We know from the ca
lations in Sec. III C that in this limit the theory is unitary. T
test the validity of using the Higgsac representation to br
the NCU(1) subgroup we must see whether we maintai
unitary theory for all values ofb.

We again study the processWL
1WL

2→WL
1WL

2 . This cal-
culation requires theW6 four-point coupling and theh
2W12W2 vertex, which are given Fig. 6, as well as th
Z12W12W2 andZ22W12W2 vertices, which are pre
sented in Fig. 8. The contributing diagrams are displayed
Fig. 9. Notice that since the Higgsac representation cou
only to Z6, it does not enter into this calculation; this is to b
contrasted with the model of Sec. III C, in which the additi
of an adjoint Higgs representation generated additional
grams which were required to maintain unitarity inWL

1WL
2

→WL
1WL

2 . Summing the contributions in Fig. 9, we find th
03600
e
u-

k
a

in
es

a-

the O(s2/mW
4 ) terms cancel as expected as these terms a

from the pure gauge sector and are not affected by the de
of the symmetry breaking. TheO(s/mW

2 ) terms again split
into those which are proportional tocu and those which are
not, as in the previous examples. These must cancel inde
dently; for simplicity we list only thecu independent terms
below:

iM5
ig2

16

s

mW
2 H 6 exp~2 ip1`p31 ip2`p4!23

m1
2

mW
2

3@ca
2exp~2 ip1`p31 ip2`p4!

1sa
2exp~ ip1`p32 ip2`p4!22casa~c(13)c(24)

2s(13)s(24)!#23
m2

2

mW
2 @ca

2exp~ ip1`p32 ip2`p4!

1sa
2exp~2 ip1`p31 ip2`p4!

12casa~c(13)c(24)2s(13)s(24)!#J 1cu@•••#. ~24!

In obtaining this expression we have used the relations in
ac
FIG. 8. Additional Feynman rules necessary forWL
1WL

2→WL
1WL

2 in NC U(2) broken by both a fundamental Higgs and Higgs
representation.
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FIG. 9. Diagrams contributing
to the scattering processWL

1WL
2

→WL
1WL

2 in NC U(2) broken by
both a fundamental Higgs an
Higgsac representation; the sub
scripts denote the momentum ca
ried by the field.
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~8!. It is clear that this expression does not vanish for gen
b. As an example, let us examine an arbitrary case w
tan(b)5A3, sa51/2, ca5A3/2; with this choice of param
eters the amplitude takes the very simple form

iM512A3s(13)s(24)1cu@•••#. ~25!

This clearly vanishes in the commutative limit whenU(2)
splits into the product of independent group factorsSU(2)
3U(1), but not in ageneral NC setting. In addition, we hav
found that a similar lack of cancellation ofO(s/m2

2 ) terms
occurs in the processhZL

2→hZL
2 . Since the difference be

tween the previous test case, where unitarity was maintai
and the one presented here was to trade an adjoint H
representation for a Higgsac representation in the symm
breaking, we thus conclude that the use of the Higgsac
resentation in NC symmetry breaking induces unitarity v
lations in processes involving longitudinal gauge bosons

As can be seen from the above discussion, our surve
toy models has allowed us to isolate the source of the t
level unitarity breakdown in the proposed NCSM: the bre
ing of the symmetry by the Higgsac fields.

IV. DISCUSSION AND CONCLUSION

The straightforward construction of a NC version of t
SM is made difficult by the requirements of gauge invarian
and the constraints that arise from group theory. Once th
conditions are met we expect any realistic perturbative
model that reduces to the SM in the commutative limit
possess a number of essential properties in order to b
viable theory and make phenomenological predictio
renormalizability, anomaly freedom, tree-level unitarity, e
In this paper we have explicitly shown that the version of
NCSM constructed by Chaichianet al. @3# does not satisfy
the requirement of tree-level unitarity for gauge boson sc
tering at high energies. In order to track down the origin
this unitarity violation we have examined a number of si
pler NC gauge models with various gauge structures whe
the symmetry was spontaneously broken by various Hi
03600
al
h

d,
gs
ry
p-
-

of
e-
-

e
se
C

a
:

.
e

t-
f
-
in
s

representations. It was clear from this study that the use
the Higgsac representations to break the gauge symmetri
the source of this unitarity violation. In the SM the ma
relationship between theW6 and Z fields as well as the
Higgs exchanges ensures cancellations of the leading
sub-leading unitarity violating terms for this process. In t
version of the NCSM discussed here there are no relat
ships between the new gauge boson masses themselv
with those of theW6 and Z and there are no Higgsac con
tributions to induce cancellations. Since thesemG0

2 andmW0
2

terms are unavoidable in this approach unitarity must fail a
this version of the NCSM becomes phenomenologically
acceptable.

If Higgsac representations cannot be used in the sym
try breaking of the NCSM then we are faced with a sev
model construction problem. The use of products ofU(n)
groups, required by gauge invariance and algebraic clos
in the Moyal approach, necessitates the breaking of th
U(1) subgroups as the first stage of symmetry break
since they cannot be identified with theU(1)Y gauge sym-
metry of the SM. As noted earlier, ordinary Higgs represe
tations such as fundamentals or adjoints will not break th
U(1)’s but will instead break theSU(n) subgroups; this
must be avoided. Using larger NC gauge groups does
help the situation as fundamental and adjoint vevs only
duce the breaking patternU(n)→U(n21) instead of break-
ing to SU(n21).

We thus conclude that it is difficult, if not impossible, t
build a phenomenologically viable noncommutative stand
model under the Weyl-Moyal approach.
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